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Introduction

This START sheet discusses the practical aspects of statistical
confidence, i.c., the confidence that we place (from a proba-
bilistic point of view) on a statement about some random phe-
nomenon of interest. Statistical confidence gives us the prob-
ability that the statement given is true. For example, we can
state, “we are 95% confident that the product defect rate is
between 5% and 10%.” Here, our statistical confidence is
95%, i.e., 19 out of 20 times this statement will be true.

In general, confidence is the internal conviction that some sit-
uation or statement holds true. For example, we want some
confidence that a certain stock we seek to buy is solid and will
not lose its value in a short time. On the other hand, such con-
fidence stems from our long and hard study of the stock mar-
ket and the company in question, or, equivalently on the
sound judgment and experience of our stockbroker. Sound
judgment and experience is the foundation of confidence.

Confidence is based on some knowledge of the situation - not
just on good will. The more we know about our stock and
about the market, for example, the more confident we can be
about its future behavior. In statistics, the issue is no different:
the more we know about the random process we are interested
in, the more we can trust (have confidence in) a probabilistic
statement we make. Let’s analyze this assertion by parts.

Intuitive Background & Concept

A quantitative random process may reflect, for example, the
quality (or reliability) of a product batch. We can measure
this quality by counting the number of defects per thousand
parts produced (or by the number of failures per million

hours). But, as we know, product characteristics vary from
batch to batch, because the production process is random.

Hence, we must observe the process for an extensive number
of hours, to obtain a point estimate, e.g., the average number
of defective items per batch or average number of failures per
unit time considered. And we must also obtain a measure of
the variation of these outcomes. These two values allow us to
state what the true average number of defectives per batch
will be, with a given probability (i.e., confidence interval).

As an example, a graphical representation of the number of
defective items found in 5,000 samples of 1,000-unit batches
is presented in Figure 1. Results reflect a defect rate of 8%.

In the graph, the height (value on the y axis) represents the
frequency with which a given number of defective items
(value on the x axis) occur in 5,000 samples of batches of
1,000 items. For example, there were 300 occurrences of 70
defects among the 5,000 samples of batches of 1,000 items
each.
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Figure 1. Example 1: Number of defective items in 5,000
1,000-unit batches (Defects-1)

We can see that observations of, say, 70 to 90 defects per
1,000 items are much more frequent than, say, less than 60 or
more than 100 defects per 1,000 items. However, these
observations can and do occur. Furthermore, if by chance
they fall in our sample, they can bias our point and interval
estimates, especially if our sample is small. That is why we
need to draw large and random samples or to observe (or
sample) the process for a long time - in the same way we
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need to monitor the stock market for a long time - to acquire a
high confidence in our estimate.

The second aspect of this problem is process variation, measured
through standard deviations, ranges, or other measures of dis-
persion. Two random production processes may have the same
batch averages and still have totally different variation patterns.
We present in Figure 2 another process that also exhibits 8%
defectives per 1,000 items. But now the process has a much
larger variation than before.
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Figure 2. Example 2: Number of defective items in 5,000
1,000-unit batches (Defects-2)

We now compare the processes in Figures 1 and 2 and present
the descriptive statistics for samples of 5,000. The results of the
comparison are summarized in Table 1

Table 1. Comparison of Processes from Figures 1 and 2

Measure of Variable

Comparison Defects-1 Defects-2
N 5,000 5,000
Mean 79.918 80.134
Median 80.00 80.55
Standard Deviation 8.727 25.055
Minimum 51.0 0.00
Maximum 114.0 199.7
Q1 74.0 63.07
Q3 86.0 96.6

Notice how the means and medians (measures of central tenden-
cy) are still practically the same. But the standard deviations and
inter-quartile ranges (Q3-Q1) (measures of variation) for the sec-
ond process (Defects-2) are larger than those of the first.

This characteristic is also reflected in the corresponding graphs.
Observe how values below 50 or above 120 were practically
non-existent in the first process (Defects-1). But such values are
very plausible in the second. These values affect the Maximum
and Minimum statistics.

The degree of uncertainty of our statement - or equivalently the
confidence it yields - is a direct result of the sample size (or obser-
vation time) as well as of the natural variation of the phenomenon
under study, expressed in terms of its Standard Deviation (0).

We can say the same about the stock market. If a stock goes up
and down continuously or we have followed it for a very short
time, our confidence that this stock will go up cannot be as high
as that which we place in a stock that has consistently increased
its value during the past 50 weeks of observation.

Numerical Examples

To illustrate these issues, consider Table 2. It shows decreasing
sample sizes from two populations that have the same 8% defect
rate. But the standard deviation of the number of defectives, per
batch of 1000, for the first population is 8.6. And that of the sec-
ond population is 25 (three times larger). We want to show the
consequences of decreasing the sample size (or observation
time) and increasing variability in the phenomenon under study
(represented here by a larger standard deviation).

Table 2. Measures for Populations from Figures 1 and 2 for
Different Sample Sizes

Sample [Population 1 (See Figure 1)|Population 2 (See Figure 2)
Size Mean | Std. Dev.| Min. | Mean (Std. Dev.| Min.

Theoretical| 80.00 8.60 0.00 | 80.00 | 25.00 0.00

5,000 79.92 8.73 51.00 | 80.13 25.06 0.00

1,000 79.97 8.95 55.00 | 79.57 | 25.53 0.00

500 80.23 8.84 56.00 | 79.15 | 24.28 0.00

100 80.08 8.93 61.00 | 79.01 24.64 23.98

50 80.10 7.66 62.00 | 83.18 | 27.09 34.81
30 81.03 | 10.47 61.00 | 77.76 | 23.71 45.72
20 79.65 6.26 72.00 | 77.04 | 23.21 30.67
10 83.30 9.23 68.00 | 80.32 18.16 47.66
5 84.20 | 12.15 69.00 | 97.90 | 4530 35.70

First notice how, for very large samples (n = 100), the theoreti-
cal and estimated Means and Standard Deviations are relatively
close. For smaller sample sizes (n < 20), the Standard
Deviations, Maximums, Minimums, Quartiles and even the
Means vary rapidly. This is one of the problems with small sam-
ple sizes. They drive down our “confidence” in the estimation of
the population mean number of batch defectives, which consti-
tutes our “statement of interest” (the statement could have also
been the reliability of the product, its mean life, or any other pop-
ulation parameter).

Our statement of interest consists in providing a confidence
interval (CI) that includes the population batch mean defectives,
with a high probability (e.g., 95% of the time we obtain such an
interval). The confidence statement is, precisely, that the CI will
cover the true average batch mean defectives at least 95% of the




time. This raises two issues: the length of the CI and its proba-
bility. These two issues are related by the following equation:

Xtz =x+*H where H=z

o o
a/2 ﬁ a/2 E

The formula has four elements: length of the interval 2H, or
half-length H, which is added and subtracted from the sample
mean ( x ), confidence level (1 - a), population standard devia-
tion (0) and sample size (n). Z is the Normal Standard percentile.

Since 0 is a fixed (population) characteristic of the process, we
can only control two of the remaining three factors: length (or
half-length) of the interval, confidence level, and sample size.
For example, let confidence level 1 - o = 0.95 and sample size
n = 30. Then, from Table 2 and data, and using z(0.975) = 1.96
we obtain the two Cls for the respective populations:

First Population:

81.03 £ H = 81.03 + 1.96%(8.6/vV30) = (81.03 + 3.08)
Second Population:

77.76 = H=77.76 + 1.96%(25.0/¥30) = (77.76 + 8.95)

The results have the following meaning: the CI (77.95,84.11) for
the first population, and CI (68.81,86.71) for the second, include
95% of the time the true mean number of defectives (80) per
batch of 1000 items produced. We recall that the second group
has a standard deviation three times larger than that of the first.
It could very well be that (once in 20 times) the sample includes,
by chance, say several very low numbers and produces a CI that
does not contain the true batch mean defectives. Also, for the
same confidence level (95%) and sample size (n = 30) the length
(2H) of both intervals is very different (6.16 vs. 17.9) due to the
different variations (0 = 8.6 or 25) of the two processes.

Discussion

We can always state, without hesitation (or the need to draw any
sample), that the batch mean number of defectives always lies
between zero and the batch size. And we can have absolute (i.e.,
100%) confidence in this statement. However, this result is of
little use, for our interval is so large that it has no practical value.
Hence, a high confidence by itself is not enough.

The objective of deriving a CI for an (unknown) parameter is to
estimate its value. Let’s compare it to throwing a hat over a coin
sitting on a table. The CI is the hat and the coin is the parame-
ter. If the hat (CI) is too small, it will not cover the coin (param-
eter) very often. But if it does, the area where we know the coin
lies is small. If instead we use a large Mexican sombrero (large
CI) it will likely cover the coin (parameter) often. But the som-
brero (CI) will be so large that the coin (parameter) may be as
lost under the hat as before - and we will have gained nothing

from deriving such CI. This is the crucial trade-off problem in a
confidence interval derivation: to find one, with a large enough
probability of coverage (1 - a), and a small enough CI length
(2H) as to be of practical use.

Therefore, we must strike a balance between the usefulness of
the statement (e.g., the CI length 2H) and the assurance it instills
(e.g., confidence level 1 - a). Such a balance depends highly on
the variation (standard deviation O) of the phenomenon under
study and is achieved by using an adequate sample size (n). As
illustration, reconsider the previous example, but now pre-estab-
lishing a FIXED CI half-length (H) of + two units, for a confi-
dence level of 95%. This means that the population and sample
means will be, 95% of the times, at most two units apart.

For this case, the sample size (n) required to achieve such half-
length (H = 2), with population 0 = 8.6, confidence level
1 - a = 0.95 (that implies z4, = 1.96) is obtained by using the
equation:

=71.03

2 2
n_(zq/z) 0”196 *8.6>
H? 2?

That is, we need to draw a sample of size n = 71 batches of 1,000
items, and average their respective number of defects per batch.
Then, 95% of the time, this average will be, at most, two units
away from the true population mean (80) of batch defects.

The restrictions that must be imposed in a statistical analysis to
achieve a given confidence level are similar to those imposed to
achieve high confidence for investors in the stock market. They
include restrictions about stockbroker expertise and experience
as well as about the length of stock market observation. In the
statistical context, these factors are now replaced by restrictions
on sample size, confidence level, interval length, etc.

Summary and Conclusions

We have seen how the statistical confidence of probabilistic
statements is derived from the problem variability (standard
deviation, O) characteristics, as well as from the analyst’s choic-
es of sample size (n) and half-length of the interval (H). It is nec-
essary to strike a balance between the confidence imposed (prob-
ability of it being true) and the statement (e.g., the length of the
CI). If both are imposed, then the price that must be paid is a
larger sample size or longer observation period, all other factors
being equal.

It is also important to have reasonable expectations on statistical
statements and their confidences. These expectations can be
derived from similar or past experiences in the problems under
study.
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